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Example 1 KDE, PDF and CDF

# KDE, PDF and CDF

import matplotlib.pyplot as plt
import numpy as np

from scipy import stats

np.linspace(0,10,1000)

np.sin(x) + np.random.randn(len(x))*0.2

np.interp(y, (y.min(), y.max()), (100, 200)) # scale to [100, 200]
np.linspace(y.min(), y.max(), 100) # range of y
stats.gaussian_kde(y, bw_method=0.1)(t)

np.cumsum(pdf)/pdf.sum()
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# PDF, KDE and CDF

plt.figure(figsize=(10,5))

axl = plt.subplot(121)

axl.scatter(x, y, alpha=0.5)

axl.set_ylabel('Value')

axl.set_xlabel('Position")

ax2 = plt.subplot(122)

ax2.hist(y, bins=20, alpha=0.4, density=True, label='Histogram')
ax2.plot(t, pdf, lw=2, alpha=0.4, c='k', label='PDF(KDE)")
ax2.set_xlabel('Value')

ax2.set_ylabel('Density')

ax2.set_ylim(0)

ax2.legend(loc="upper left')

ax3 = plt.twinx(ax2)

ax3.plot(t, cdf, lw=5, alpha=0.4, c='g', label="CDF(PDF(KDE))")
ax3.set_ylabel('CDF")

ax3.set_ylim(0)

ax3.legend(loc="lower right')

plt.suptitle(f'{len(x):,} samples')

plt.tight_layout()
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Figure 2 CDF, ECDF and PPF

Example 2 PPF: Retrieve Data Value from CDF Probability

# Empirical CDF directly computes percentiles based on sorted y
ecdf = (stats.rankdata(sorted(y), method='average')-0.5) / len(y)

percentiles = [0.1, 0.5, 0.9] # 10%, 50%, 90%
#tlevels = np.interp(percentiles, cdf, t)
levels = np.interp(percentiles, ecdf, sorted(y))

plt.figure(figsize=(6,5))

axl = plt.subplot(111)

axl.hist(y, bins=20, alpha=0.4, density=True, label='Histogram')
axl.plot(t, pdf, lw=2, alpha=0.4, c='k', label='PDF(KDE)")
axl.set_xlabel('Value')

axl.set_ylabel('Density")

axl.set_ylim(0)

ax2 = plt.twinx(ax1)
ax2.plot(t, cdf, lw=5, alpha=0.4, c='g', label='CDF(PDF(KDE))")
ax2.plot(sorted(y), ecdf, lw=2, alpha=0.8, c='b', label="ECDF')
ax2.scatter(levels, percentiles, c='r")
for 1,p in zip(levels,percentiles):
ax2.text(l, p-0.04, f'{p*1ee0:.1f}%->{1:.1f}', fontsize=8, c='b',
bbox={"'facecolor':'w', 'edgecolor':'none', 'pad':9, 'alpha':0.8})
ax2.axvline(l, ymin=@, ymax=p, alpha=0.5)
ax2.set_ylabel('CDF")
ax2.set_ylim(o, 1)
ax2.legend(loc="upper left')
plt.suptitle(f'{len(x)} samples')
plt.tight_layout()
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Example 3 Uncertainty in High-Sigma Bounds

# The impact of data sparsity on extreme value estimation
def sigma_percentage(sigma):
"'return left and right % boundary based on the specified sigma value'''
return (stats.norm.cdf((-sigma, sigma))*100)

subn = 300 # from 600 to 300
vl = np.random.lognormal(mean=0.0, sigma=0.2, size=5000)*4 # raw data
v2 = np.random.choice(vl, size=subn) # subsample

gl = np.quantile(vl, g=sigma_percentage(3)/100) # 30 quantile of raw data vil
g2 = np.quantile(v2, g=sigma_percentage(3)/100) # 30 quantile of subsample v2

plt.figure(figsize=(6,5))

axl = plt.subplot(111)

axl.hist(v1l, bins=50, alpha=0.3, density=True, color='b', label=f'vl PDF {len(vl):,} samples')
axl.hist(v2, bins=50, alpha=0.3, density=True, color='orange', label=f'v2 PDF {len(v2):,} samples')
axl.axvline(ql[@], alpha=0.4, c='b")

axl.axvline(ql[1], alpha=90.4, c='b', label="v1l quantile +/- 3$\sigma$')

axl.axvline(q2[@], alpha=0.8, c='orange')

axl.axvline(q2[1], alpha=0. c='orange', label— v2 quantile +/- 3$\sigma$')
axl.axvline(vl.mean()-3*v1. std(), alpha=0.8, c='r")

axl.axvline(vl.mean()+3*vl.std(), alpha=0.8, c='r', label='$\mu$+/-3$\sigmas$")

oooobbll

# KDE, CDF, PPF

t = np.linspace(vl.min(), vl.max(), 100)

kl = stats.gaussian_kde(vl, bw_method=0.1)(t) # PDF of raw data vl
k2 = stats.gaussian_kde(v2, bw_method=0.1)(t) # PDF of subsample v2
cl = np.cumsum(kl)/k1.sum() # CDF of v1

c2 = np.cumsum(kl)/k2.sum() # CDF of v2

pl = np.interp(sigma_percentage(3)/100, cl, t) # vl PPF

p2 = np.interp(sigma_percentage(3)/100, c2, t) # v2 PPF

axl.plot(t, k1, lw=3, alpha=0.4, c='b', label='vl PDF(KDE)"')

axl.plot(t, k2, lw=3, alpha=0.8, c='orange', label='v2 PDF(KDE)")
axl.axvline(p2[@], alpha=0.4, c='g')

axl.axvline(p2[1], alpha=0.4, c='g', label='v2 PPF(CDF(KDE)) +/- 3$\sigma$')
axl.set xlabel('SIDD')

axl.set_ylabel('Density")

axl.set_ylim(0)

axl.legend()

plt.tight_layout()
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Example 4 Synthetic Virtual Wafer Silicon

# Generative virtual silicon data for simulation
import pandas as pd

def genWaferXY(w=65, h=65):

ix, iy = np.linspace(1l, w, w), np.linspace(1, h, h)
gX, gy = np.meshgrid(ix, iy)
cX, cy = np.ceil(w/2).astype(int), np.ceil(h/2).astype(int)

cr = min(cx, cy)

r = np.sqrt((gx-cx)**2 + (gy-cy)**2)
mask = (r <= cr)

X, y, r = gx[mask], gy[mask], r[mask]
return x, y, r

def volcanoTiltGaussian(x, y, r, hl=1, s1=15, h2=1, s2=5, tilt_factor=0.2, tilt_angle=0):
gl = hl * np.exp(-r**2/(2*s1**2))
g2 = h2 * np.exp(-r**2/(2*s2**2))
= gl - 0.5%g2
theta = np.arctan2(x, y) # map xy to [-m, m]
z = z + tilt_factor * np.tanh(theta-tilt_angle)
return np.interp(z, [z.min(), z.max()], [0, 1])

def logNormScale(u, s): # normal to log-normal
log u = np.log(u**2 / np.sqrt(s**2 + u**2))
log s = np.sqrt(np.log(l + s**2 / u**2))
return log_u, log_s

# generate a base wafer surface with Gaussian noise
X, Yy, r = genWaferXY()

# the uniformity signature of different fabs

#2z0 = volcanoTiltGaussian(x, y, r, h1=0.5, s1=3, h2=2, s2=40, tilt_factor=-0.5) # T-like
z0 = volcanoTiltGaussian(x, y, r, h1=1.0, s1=15, h2=1, s2=5, tilt_factor=-0.5) # S-like
1/z0.std()*(z0-z0.mean()) # z0 to ~N(0,1)
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Figure 4 Synthetic Virtual Silicon Wafer
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Example 5 Generating RO & SIDD Distributions

# add Gaussian noise to the feature surface (RO ~ N(0,1))
€l = np.random.normal(@, 1, len(z@)) # noise ~N(0,1)

z1 = (€0 + 0.2*el) # RO ~N(90,1)
z1 = z0.std()*z1 + z0@.mean() # back to z0 scale
z1 = np.interp(zl, [z1.min(), zl.max()], [0, 1]) # to [@, 1] for comparison

# generate SIDD ~logN(@,1) with a correlation of 0.9 with z1
P =0.9

€l = 1/z1.std()*(z1-z1.mean()) # z1 to ~N(©,1)

€2 = np.random.normal(@, 1, len(zl)) # noise ~N(0,1)
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# conditional Gaussian standarization
z2 = p*el + np.sqrt(1l-p**2)*e2 # log(SIDD) ~N(©,1)

mu, sigma = 0.5, 0.1 # measured mu and sigma of SIDD

log_u, log_s = logNormScale(mu, sigma) # retarget to log-normal scale
z2 = np.exp(log_s*z2 + log_u) # to z2 scale ~logN(u2, s2)

z2 = np.interp(z2, [z2.min(), z2.max()], [@, 1]) # to SIDD scale

d = pd.DataFrame(np.c_[z1,z2], columns=["'ROu"','SIDD'])

# feature surface

plt.figure(figsize=(10,5))

axl = plt.subplot(121, projection="'3d', title='z1')

axl.plot_trisurf(x, y, z1, cmap='viridis', antialiased=False,linewidth=0,edgecolors="none")
axl.set_xlabel('X")

axl.set_ylabel('Y")

ax2 = plt.subplot(122, projection='3d', title='z2")

ax2.plot_trisurf(x, y, z2, cmap='viridis', antialiased=False,linewidth=0,edgecolors="none")
ax2.set_xlabel('X")

ax2.set_ylabel('Y'")

plt.tight_layout(rect=(0,0,1,0.95))

# scatter & histogram

plt.figure(figsize=(10,5))

axl = plt.subplot(121)

axl.scatter(zl, z2, alpha=0.5)

axl.set_xlabel('zl: RO")

axl.set_ylabel('z2: SIDD')

ax2 = plt.subplot(122)

ax2.hist(z1, bins=30, density=True, alpha=0.4, label='z1l: RO")
ax2.hist(z2, bins=30, density=True, alpha=0.4, label='z2: SIDD')
ax2.legend()

plt.tight_layout()
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Figure 5 Scatter Plot and Distribution of RO and SIDD
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Example 6 2D Feature Density and 30 Boundary

# Individual Gaussian 30 — Pessimistic Risk
def featureKDE(v, res=100):
kde = stats.gaussian_kde(v)
t = np.linspace(min(v)-v.std(),max(v)+v.std(),res)
p = kde(t)
return t,p

def featurekKDE2D(x,y, res=50):
kde = stats.gaussian_kde(np.vstack([x, y]))
ix,iy = np.linspace(min(x),max(x),res), np.linspace(min(y),max(y),res)
gx,gy = np.meshgrid(ix,iy)
tx,ty = map(np.ravel,[gx,gy])
p = kde(np.vstack([tx,ty]))
return gx,gy,p.reshape(gx.shape)

def featureScatterCDF2D(dt,fx,fy): # XY CDF 2D
X,y = abs(dt[[fx,fy]].values.T)
percentiles = sigma_percentage(3)/100

tx,px = featurekDE(x,res=100) # X PDF(ROu)
ty,py = featurekDE(y,res=100) # Y PDF(SIDD)
bx = np.quantile(x, g=sigma_percentage(3)/100)
by = np.quantile(y, g=sigma_percentage(3)/100)

gx,8y,pz = featureKDE2D(x,y, res=50) # XY PDF

cdf = np.cumsum(sorted(pz.ravel()))/pz.sum()

levels = np.interp(percentiles, cdf, sorted(pz.ravel())) # map % to density level
ctags = {1l:f'{p*100:.2f}%"' for 1,p in zip(levels,percentiles)}

fig,axes = plt.subplots(2,2,figsize=(6,6),
gridspec_kw={'width_ratios':[4,1], "height_ratios': [4,1]})

# ROu & SIDD 2D scatter and contour
axes[0,0].scatter(x,y,alpha=0.5,s=5,1abel=f"'{len(x):,} samples')
axes[0,0].axvline(bx[0],c="b"',alpha=0.3)
axes[0,0].axvline(bx[1],c="b"',alpha=0.3,label=f"{fx} quantile 3$\sigma$={bx}")
axes[0,0].axhline(by[@],c="r"',alpha=0.3)
axes[0,0].axhline(by[1],c="r"',alpha=0.3,label=f"{fy} quantile 3$\sigma$={by}"')
axes[0,0].set_xlabel(fx)

axes[0,0].set_ylabel(fy)

axes[0,0].grid(alpha=0.4)

# shaded region below the -30 boundary
axes[@, @].contourf(gx, gy, pz, levels=[0, levels[@]], colors=['gray', None], alpha=0.2)

cs = axes[@,0].contour(gx,gy,pz, levels=levels, colors=['r','b','g'], alpha=1)
cl = plt.clabel(cs, inline=True, fontsize=10, colors=['r','b','g'], fmt=ctags)
[txt.set_bbox(dict(facecolor="white', edgecolor="none', pad=1, alpha=0.6)) for txt in cl]
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# ROu distribution
axes[1,0].fill_between(tx,px,0, 1lw=0, alpha=0.3)
axes[1,0].axvline(bx[@],c="b"',alpha=0.3)
axes[1,0].axvline(bx[1],c="b"',alpha=0.3)

# SIDD distribution
axes[0,1].fill_betweenx(ty,0,py, lw=0, alpha=0.3)
axes[0,1].axhline(by[@],c="r"',alpha=0.3)
axes[0,1].axhline(by[1],c="r"',alpha=0.3)

axes[0,1].set_ylim(axes[0,0].get_ylim()) # Match Y-axis with main plot
axes[1,0].set_xlim(axes[0,0].get_x1lim()) # Match X-axis with main plot
axes[0,0].legend()

axes[1,1].set_visible(False)

plt.suptitle(f'30 Contour, {len(d):,} samples')

plt.tight_layout()

d = pd.DataFrame(np.c_[z1,z2], columns=['ROu','SIDD'])
featureScatterCDF2D(d, 'ROu', 'SIDD')
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Example 7 Synthetic Sample Generation via GMM

# Gaussian Mixture Model (GMM)
from sklearn.mixture import GaussianMixture

def GMM(v, n_samples=1000, n_components=5, scale=1e2):
gmm = GaussianMixture(n_components=n_components, covariance_type='full', random_state=0)
gmm.fit(v*scale)
dv, _ = gmm.sample(n_samples=n_samples) # generator
return dv/scale

dt = pd.DataFrame(np.c_[z1,z2], columns=['ROu','SIDD']) # raw data
# generative samples based on GMM

samples = GMM(dt.values, n_samples=100000, scale=1e3) # 100K synthetic samples
dv = pd.DataFrame(samples, columns=['ROu', 'SIDD']) # convert to dataframe

Raw Data: 3,405 GMM: 99,873 Drop values outside [0, 1]
1.0 1— 1.0 1.0 — 1.0
3,405 samples /.. + 99,873 samples
ROu quantile 30=[0.036 0.973] " . ! e ROu quantile 30=[0.038 0.977]
3] 0.8 4 SIDD quantile 30=[0.047 0.908] 0.8 4
e >
0.6 0.6 1
o o
(=] (=)
@ @
0.4 0.4
0.2 {8 0.2 4
0.0 : 0.0 4
2 0.0 0.2 0.4 0.6 0.8 1.0 0 2
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Figure 7 Visualizing -30 Feature Contours: Raw vs. GMM 10K Synthetic
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Example 8 Generative Modeling for Rare Event Estimation

# Generative Modeling for Rare Event Estimation

def gmmDensityContour(dt, num=10000, n_components=5, sigmas=[3]):
samples = GMM(dt.values, n_samples=num, n_components=n_components, scale=1e3)
dv = pd.DataFrame(samples, columns=['ROu','SIDD']) # raw data
dv = dv[ dv['ROu'].between(0,1) & dv['SIDD'].between(@,1) ] # drop outliers

pL = sorted([sigma_percentage(v)[0]*2/100 for v in sigmas])

plt.figure(figsize=(6,6))

ax = plt.subplot(111)

ax.scatter(*dt.values.T, s=5, c='b', alpha=0.4, label=f'raw data: {len(dt):,}', zorder=1)
ax.scatter(*dv.values.T, s=2, c="r', alpha=0.2, label=f'synthetic: {len(dv):,}', zorder=0)

for d,tag,c in [(dt, 'raw data',('b','g"')), (dv, 'synthetic',('r"','orange'))]:
X,y = d.values.T
gx,gy,pz = featureKDE2D(x,y, res=50) # XY PDF
cdf = np.cumsum(sorted(pz.ravel()))/pz.sum()
levels = np.interp(pL, cdf, sorted(pz.ravel()))
ctags = {1l:f'{s}$\sigma$' for 1l,s in zip(levels,sigmas)}
cs = ax.contour(gx, gy, pz, levels=levels, colors=c, alpha=0.6, linewidths=3)
cl = plt.clabel(cs, inline=True, fontsize=10, colors=c, fmt=ctags)
[txt.set_bbox(dict(facecolor='white', edgecolor='none', pad=1, alpha=0.9)) for txt in cl]

ax.set_xlabel('ROu‘)

ax.set_ylabel('SIDD")

ax.set_x1im([0,1])

ax.set_ylim([0,1])

plt.legend()

plt.suptitle(f'Feature Density Contour (GMM: {dv.shape[@]:,} samples), sigmas: {sigmas}')
plt.tight_layout()

dt = pd.DataFrame(np.c_[z1,z2], columns=['ROu','SIDD']) # raw data
# high-sigma boundary evaluation

gmmDensityContour(dt, 100000, sigmas=[3])
gmmDensityContour(dt, 100000, sigmas=[4.5])

Figure 8 FR7R /NI GMM 1R EUES S 4 (2D) TR - £ AL 100K BRHIL ABREE L [0, 1] 6
ERERIEEITAY high-sigma BFR DT -
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Feature Density Contour (GMM: 99,873 samples), sigmas: [3] Feature Density Contour (GMM: 99,873 samples), sigmas: [4.5]
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Figure 8 Generative Modeling for Rare Event Estimation
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